Chemical purity assessment using quantitative 1 H-nuclear magnetic resonance spectroscopy is a method based on ratio references of mass and signal intensity of the analyte species to that of chemical standards of known purity. As such, it is an example of a calculation using a known measurement equation with multiple inputs. Though multiple samples are often analyzed during purity evaluations in order to assess measurement repeatability, the uncertainty evaluation must also account for contributions from inputs to the measurement equation. Furthermore, there may be other uncertainty components inherent in the experimental design, such as independent implementation of multiple calibration standards. As such, the uncertainty evaluation is not purely bottom up (based on the measurement equation) or top down (based on the experimental design), but inherently contains elements of both. This hybrid form of uncertainty analysis is readily implemented with Bayesian statistical analysis. In this article we describe this type of analysis in detail and illustrate it using data from an evaluation of chemical purity and its uncertainty for a folic acid material.
Introduction
Nuclear magnetic resonance (NMR) spectroscopy is a prominent measurement technique for chemical analysis. Quantitative solution-state NMR (qNMR) is considered a primary ratio measurement method, through which ratio quantities of chemical substances can be determined directly [1] [2] [3] [4] [5] . For this reason, qNMR is highly useful for traceable chemical purity assessments [6] [7] [8] [9] [10] .
NMR spectroscopy is a measurement method for isotopes that have nonzero nuclear spins, and thus a magnetic moment and angular momentum. Each of these isotopes has opposite spin states (' + ' and ' − ') with equivalent energy, dependent upon neutron and proton composition, that are characterized by a spin quantum number (s). The NMR measurement technique is based on the perturbation of these nuclear magnetic moments when placed within a strong external magnetic field and radiation of a specific (Larmor) radio frequency is absorbed. Electron spins surrounding the nucleus induce opposing magnetic fields, and as such, this resonance is also dependent on the surrounding electronic environment; that is, the molecular structure(s) of the sample material.
After the radiation absorption has ceased, the perturbed magnetic moments relax and precess about the external magnetic field at the corresponding resonance frequencies. The net sum of magnetic precessions induces voltage oscillations that are observable as a time domain signal, known as a free induction decay (FID). This signal is amplified, then converted to an audio frequency signal and digitized, then lastly Fourier transformed to obtain NMR spectral data in the frequency domain. Each individual signal in the spectrum therefore represents a structurally distinct molecular moiety of the measured sample.
The amplitude of each spin component of the FID is directly proportional to the number of corresponding resonant nuclei, and thus the signal intensities of the Fourier transformed spectra can be used to directly infer the ratio amount of nuclei for each unique resonance [11] [12] [13] . It is for this reason that qNMR, when performed with proper experimental conditions, is considered a direct primary ratio measurement method for quantitative chemical analysis. The common isotope of hydrogen, 1 H (≈99.9% abundance, s = 1/2, 2 spin states), is the usual nucleus for high-precision qNMR as it provides the highest analytical sensitivity and excellent linearity of signal intensity with respect to 1 H concentration (R ⩾ 0.999) [12, 14] . Figure 1 illustrates the qNMR measurement of folic acid (FA) dissolved in deuterated aqueous (D 2 O) phosphate buffer.
Precise and unbiased quantity determinations of the purity of (soluble) liquid or solid chemical materials may be made via ratio reference of mass and NMR signal intensity to those of primary chemical standards of known purity [15] . The main component of these standards must contain the appropriate reference nuclei, as well as a distinct spectral peak and common solubility, but they are otherwise not compoundspecific. The 1 H-qNMR assessment described in this article is an evaluation of the mass purity, P PC , of a neat chemical folic acid material. The measurement equation used to derive this quantity is presented as equation (1) .
where: N PC multiplicity (# H/peak) of primary chemical species signal N IS multiplicity (# H/peak) of internal reference standard species signal M PC relative molar mass (molecular weight, g mol
) of primary species M IS relative molar mass (molecular weight, g mol −1 ) of the internal standard species A PC integrated area of primary species signal A IS integrated area of the internal reference standard species signal m PC mass (g) of the composite material weighed for sample solution, adjusted for buoyancy effects m IS mass (g) of the internal reference standard weighed for sample solution, adjusted for buoyancy effects P IS known purity (g g −1 ) of the internal reference standard
Due to chemical and spectroscopic limitations of the measurement system, purity determinations were first made for select secondary reference materials that were suitable for measurement with the folic acid species. For this evaluation, two highpurity (P IS > 99.99%) primary reference standards, Standard Reference Material (SRM) 350b Benzoic acid (BA) and SRM 84k Potassium Hydrogen Phthalate (KHP), were used as internal calibrators to determine the mass purity of two chemically-distinct secondary reference materials (P IS > 99.9%): methylsulfonylmethane (MSM, also known as dimethyl sulfone) and 2,2-dimethylpropanedioic acid (Me 2 PDA, also known as dimethylmalonic acid). With this experimental design, the evaluated mass purity of folic acid is traceable to the certified mass fraction purity of both primary standards.
Section 2 describes the statistical model used to evaluate purity of the primary chemical species based on a qNMR analysis. Section 3 describes the implementation of this model during the investigation performed to evaluate the purity of a neat folic acid material. Conclusions are given in section 4.
The measurement model in terms of observation equations
The measurement equation (equation (1)) is based on four different measured quantities: A PC , A IS , m PC , and m IS . The remaining input quantities are either known constants, N PC , N IS , M PC , and M IS , or quantities with a mean and uncertainty specified by a certificate, P IS . Though molecular masses (M PC , and M IS ) are imperfectly known due to natural variation in isotopic abundances, the slight degree of uncertainty is relatively inconsequential. Given such data, the most common approach to the evaluation of purity and its uncertainty would be to apply a standard Guide to the expression of uncertainty in measurement (GUM) [16] analysis to each individual sample's inputs and propagate the uncertainties through the measurement equation. This would produce a purity estimate and associated uncertainty for each sample. GUM-style analyses are readily accomplished 'by hand' or using software such as the NIST Uncertainty Machine [17] .
One potentially critical factor for chemical mass purity evaluations is the need to constrain the result to lie within the interval (0 g g −1 , 1 g g
−1
). The usual GUM analysis does not naturally preserve this constraint, which is especially relevant for highly pure materials (P PC > 99%). But whether or not a constraint is necessary, in order to capture the between sample variability (reproducibility uncertainty) of multiple samples, the individual results must be combined to obtain a final purity estimate and uncertainty. When multiple samples with different internal standards are used, as was the case for the evaluation that we describe in detail in the following sections, accounting for all sources of uncertainty in a rigorous manner is not straightforward since the outputs from the measurement equation for single samples may not be statistically independent due to shared sources of uncertainty attributable to the experimental design. Thus, the evaluation of measurement uncertainty of the purity estimate includes both bottom-up elements, that is, uncertainty in the inputs to the measurement equation propagated through the function, and top-down elements, being sources of uncertainty due to factors that are part of the experimental design and whose contrib ution to uncertainty is accounted for using the variability of the measurements.
A statistically rigorous method of combining these bottom-up and top-down elements of the uncertainty analysis, while also preserving any natural physical and chemical constraints, is best achieved using an observation equation [18] as an int egral part of a Bayesian statistical model [19] . An observation equation is a statistical model for the measurements, which in this case are A PC , A IS , m PC , and m IS . While uniquely able to account for all of the various constraints and uncertainty sources present in a measurement process, Bayesian analysis requires so called prior distributions for all inputs that are not known constants. These prior distributions summarize all of the information about such quantities that is available before the measurements are obtained.
In order to specify the statistical model for the area measurements, we first note that equation (1) It then follows that:
Since N IS and M IS are known constants, the constant K converts the ratio of the measurement of the integrated area of the signal to the mass of the material in the sample solution into a measurement of chemical purity. Since the purity of the internal standard is known up to an uncertainty, it possible to estimate K and use it to estimate the purity of the analyte.
To estimate K we first note that 
and
where the symbol '~' is interpreted 'distributed as' and N(,) specifies a Gaussian distribution with given mean and variance. When the uncertainties u A IS or u m IS are based on known degrees of freedom, Student t distributions, t(,), should be used instead of N(,).
The main objective of these internal standard-based observation equations is to obtain information about K to be used in the analysis of similar observation equations for the primary chemical species. Generally, the information about the purity of the internal standard is given in a certificate, value μ IS and uncertainty u P IS , and can be transformed into a probability distribution. If no constraint on purity is necessary, a Gaussian distribution with the given mean and variance,
), may be used. If purity must be constrained to lie between 0 and 1 then the beta distribution
Without additional information, a rectangular distribution on the interval (0, c) for some constant c can be used as a prior for K: K R c 0, ( ). Again without additional information, a Gaussian distribution with mean 0 and a large variance is appropriate for μ IS :
Ñ 0, large IS µ ( ). In our application we found the results to be robust with respect to the choice of the variance of μ IS .
While the posterior distribution, which summarizes all the information resulting from a Bayesian analysis, of K cannot be obtained in closed form, a Markov chain Monte Carlo (MCMC) [19] analysis using the free software OpenBUGS [20] is straightforward and produces a sample of random draws from this posterior distribution. The OpenBUGS code is given in the appendix.
The main objective of the analysis described in this article is the estimation of the purity of the primary chemical species. This is accomplished through Bayesian analysis of two observation equations for A PC and m PC :
where the quantity of interest now is not K, but the measurand P PC .
As above, all unknown constants need to have prior probability distributions. The analysis of equation (3) A prior distribution for the measurand P PC needs to be defined expressly for each application, as this is where the specifics of the experimental design are expressed in the form of constraints and/or additional structure of the prior distribution. For example, purity of different samples analyzed using a single standard may be somewhat different due to slightly different measurement conditions or heterogeneity of the material, but the differences would usually be smaller than differences in purity of samples analyzed using two different internal standards. Such details can be modeled using a second level in the prior distribution of P PC creating a so called hierarchical structure.
Evaluation of equations (3) and (4) performed using MCMC preserves all correlations present in the statistical model. The resulting posterior distribution of P PC can be summarized in terms of a mean, standard deviation, and 95% uncertainty interval to produce the desired purity estimate.
Examples of purity determination
This section shows application of equations (3) and (4) to the specific case of purity evaluation of folic acid. The OpenBUGS code used for the analysis is given in the appendix.
Experimental design
For the evaluation of each secondary reference material, four samples containing BA as internal standard and three containing KHP were dissolved in per-deuterated dimethyl sulfoxide, DMSO-d 6 During this investigation and for the reasons described herein, purity of FA was evaluated using two different internal standards, MSM and Me 2 PDA. The inputs for the purity evaluation of MSM are given in table 1. Masses and areas are based on three measurements, and therefore the uncertainties of the measurements are associated with 2 degrees of freedom. Three or four different samples containing neat chemical and internal standard materials were prepared for each of the purity assessments.
We specified the prior for P PC . as with e and f set as large numbers, that captures the non-negativity of standard deviations. The calculated purities of the secondary internal standards, P IS in corresponding calculations of folic acid purity, were not constrained to a maximum of 1. Given that qNMR is a relative measurement, the effective purity of the internal standard is a normalized ratio of select resonant 1 H content with respect to m IS , rather than an absolute chemical mass fraction. Therefore, the P IS may exceed the natural limit of MSM or Me 2 PDA purity. This may be the case if an assumed M IS is not consistent with the actual isotopic composition, or if there is a systematic bias of A IS associated with an indiscernible chemical impurity. Several qNMR evaluations of the high purity MSM secondary standard over multiple years and by multiple analysts indicate that P IS is greater than 1 if a molecular weight of 94.13 g mol −1 is assumed. The MCMC posterior distribution of P PC was summarized as a mean and standard deviation. The resulting values for each sample and internal standard are given in table 2.
The observation equation model as specified in equations (3) and (4) represents only the bottom-up elements of the analysis, and the results in table 2 are essentially identical to the usual uncertainty analysis obtained with the GUM procedure [16] . The top-down elements in the uncertainty quantification, that is, the between sample and between internal standard variability, can be accounted for in a separate layer of the observation equation model. This is preferable to simply averaging or otherwise combining the entries in table 2 because the values of purity for the samples based on the same internal standard are correlated, and the value of this correlation would need to be estimated to produce an accurate uncertainty for the final purity estimate. A hierarchical model [21] on P PC accomplishes this naturally, without the need for separate estimation of this correlation. We define
where i = 1 for BA, and i = 2 for KHP. Here the parameters τ i quantify the between-sample variability for each internal standard and the ω quantifies the between-internal standard variability, which is also the basis of the correlation between the sample values. Note that this is the usual random effects model [22] , widely used to account for additional uncertainty in interlaboratory studies. The final estimate of purity is the posterior mean of μ P1 . For MSM this is 1.0009, with standard uncertainty = 0.0009.
For the evaluation of folic acid purity these are interpreted as P Ñ 1.0009, 0.0009 Figure 2 shows the posterior distribution of μ P1 .
The same procedure was followed to obtain a purity estimate for the second internal standard, Me 2 PDA, using inputs given in table 3. Bayesian analysis of equations (3) and (4), with these data and the same prior distributions as before, produced the values in table 4.
These estimates were combined using the hierarchical model of equation (5) to obtain the posterior distribution of μ P1 , the purity of Me 2 PDA. The posterior mean and standard deviation were 0.9994 and 0.0008, respectively. Figure 3 shows the posterior distribution of Me 2 PDA.
Folic acid purity
To estimate the purity of the folic acid material, multiple samples were evaluated using each of the two internal standards. The inputs are given in table 5 .
As in the purity assessments described above, the analysis proceeds from the same four observation equations, here using the information about the two internal standards (probability distributions of μ P1 and μ P2 as prior distributions) obtained in the previous section as 
where i = 1 for BA and i = 2 for KHP. The area measurements were based on 3 replicates and so a Student t distribution with 2 degrees of freedom was used. Bayesian analysis of equation (6) leads to a posterior distribution for each K i which can then be applied in the analysis of the observation equations for A PC and m PC : 
One difference between this analysis and the two described above is that the purity of folic acid must be constrained to the interval (0 g g −1 , 1 g g −1 ). To produce purity estimates separately for the individual samples, this constraint is applied using a rectangular prior distribution: P R 0, 1 PCi ( ). MCMC analysis produced the results in table 6.
Since somewhat different folic acid purity values were inferred from the two internal standards, the corresponding sample sets were combined separately. The constraint to lie in the interval (0 g g
, 1 g g −1 ) requires a different version of the hierarchical model for the purity values:
and a b R R ; 1 ;~0.6, 1 ;~0, 0.1 .
The analysis results were not sensitive to the ranges of the uniform distributions for the parameters µ Pi and σ i but convergence was faster with the slightly informative prior distributions given here. As there were different distributions for the measurand depending on the internal standard i, there were two different sets of posterior means and standard deviations as given in table 7.
It is required to arrive at a single posterior distribution of purity. There are various statistical approaches for combining posterior distributions of a measurand, the most conservative in the sense of producing the largest uncertainty in the estimate is the linear pool method [21] . This treats the two posterior distributions of P PC (call them p 1 and p 2 ) as equally likely to be correct and combines them to produce a single
for any value x of P PC . The value and uncertainty for the purity of FA, P FA , produced in this way was the mean and standard deviation of the posterior distribution of p: 0.9056 g g −1 and 0.0039 g g −1 , respectively. Considering this uncertainty to be too conservative, we used an alternative approach that assumes the purities of the samples using either of the two internal standards are related through the same parameters of the hierarchical model, that is: 
This model does not account for the between internal standard variability directly, rather it becomes part of the repeatability uncertainty component. Using this model, the estimate of purity is the mean and standard deviation of the posterior distribution of μ PC : 0.9058 g g −1 and 0.0011 g g −1 , respectively. Figure 4 shows the four posterior distributions.
Conclusions
We have developed an observation equation model for chemical purity determinations based on qNMR measurements. The advantage of this approach is that it ensures that any constraints on the purity estimate (for example that the massfraction purity should not exceed 1) are satisfied and incorporates both top-down and bottom-up uncertainty evaluations in the same statistical model, thus naturally including correlations of the measurements due to the experimental design. We illustrated Bayesian analysis of this model on measurements of folic acid (FA) purity using two different internal standards. We showed how the purity of the internal standards can first be evaluated and then used as input into the FA analysis. The OpenBUGS code used for the analysis is given in the appendix. This model was developed to be implemented as part of a direct measurement approach for traceable chemical purity assessments via qNMR, and allows observation of natural limits and evaluation of realistic uncertainty intervals. ) of folic acid based on methylsulfonylmethane (MSM) (blue), 2,2-dimethylpropanedioic acid (Me 2 PDA) (green), the linear pool consensus (red), and the version without the internal standard component (violet). Open squares are the posterior means, solid circles are the endpoints of the 95% uncertainty intervals. 
